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GENERALIZED DEFORMATIONS AND HOLOMORPHIC POISSON
COHOMOLOGY OF SOLVMANIFOLDS
HISASHI KASUYA
Abstract. We describe the generalized Kuranishi spaces of solvmanifolds with left-
invariant complex structures. By using such description, we study the stability of
left-invariantness of deformed generalized complex structures and smoothness of gen-
eralized Kuranishi spaces on certain classes of solvmanifolds. We also give explicit finite
dimensional cohcain complexes which computes the holomorphic Poisson cohomology
of nilmanifolds and solvmanifolds.
1. Introduction
Let G be a simply connected nilpotent Lie group with a lattice (i.e., cocompact discrete
subgroup) Γ. We call G/Γ nilmanifold. There are many studies on deformations of left-
invariant complex structures on nilmanifolds. In particular, there is the good result
on the stability of the left-invariantness under deformations. By the result in [23] (see
also [5], [19]), if a nilmanifold G/Γ with a left-invariant complex structure J satisfies the
condition (∗)”The Dolbeault cohomology can be completely computed by the Lie algebra
of G”, then the Kuranishi space (locally complete family) of the complex structure J
consists entirely of left-invariant complex structures and thus every sufficiently small
deformation of J is equivalent to a left-invariant complex structure. It is known that the
class of nilmanifolds with left-invariant complex structures satisfying the condition (∗)
is large (see Theorem 3.3 and [24]). Moreover, it is conjectured that every nilmanifold
with left-invariant complex structure satisfies the condition (∗). Hence we can expect
that every sufficiently small deformation of a left-invariant complex structure on every
nilmanifold is equivalent to a left-invariant complex structure.
Let G be a simply connected solvable Lie group with a lattice Γ. We call G/Γ solv-
manifold. Unlike nilmanifolds, in [12], on a 3-dimensional non-nilpotent complex par-
allelizable solvmanifold (called Nakamura manifold [20]), Hasegawa remarks that there
exists a small deformation which is not equivalent to any left-invariant complex struc-
ture. In general, we can not describe the Kuranishi space of a solvmanifold G/Γ with
a left-invariant complex structure by only the Lie algebra of G. We are interested in
describing the Kuranishi spaces of a solvmanifolds with left-invariant complex structures
explicitly and giving criteria for deciding whether every sufficiently small deformation is
equivalent to a left-invariant complex structure.
The singularity of the Kuranishi spaces of nilmanifolds with left-invariant complex
structures is also an interesting problem. It is known that the Kuranishi spaces of
compact Ka¨hler manifolds with the trivial canonical bundles are smooth. Nilmanifolds
with left-invariant complex structures have the trivial canonical bundles but do not
admit Ka¨hler structures unless they are tori (see [1], [10]). Hence Kuranishi spaces of
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nilmanifolds with left-invariant complex structures may be singular. In [25], Rollenske
studies the singularity of the Kuranishi spaces of complex parallelizable nilmanifolds.
In this paper, we study generalized deformations i.e., deformations of complex struc-
tures as generalized complex structures as in [9]. We can construct the locally complete
family (generalized Kuranishi space) for generalized deformations which is an extension
of the ordinary Kuranishi space (see Section 4.1 and [9]). Let (M,J) be a compact com-
plex manifold. We consider the space A0,∗(M,
∧
T1,0M) of (0, ∗)-differential forms with
values in the holomorphic tangent poly-vector bundle with the Schouten bracket [•] and
the Dolbeault operator ∂¯. We denote
dGr(M,J) =
⊕
p+q=r
A0,q(M,
p∧
T1,0M).
Then (dG∗(M,J),∧, [•], ∂¯) is a differential Gerstenhaber algebra (shortly DGA). The
generalized Kuranishi space for generalized deformations of J is controlled by the DGA
dG∗(M,J). By DGA-techniques, we can easily extend the Rollenske’s results (see Propo-
sition 4.3, 4.4).
The main purpose of this paper is to study generalized deformations of left-invariant
complex structures on solvmanifolds by using DGA-techniques. We consider the follow-
ing two classes of solvmanifolds with left-invariant complex structures.
• solvmanifolds of splitting type. (Section 6)
• complex parallelizable solvmanifolds. (Section 7)
They are large classes which contain Nakamura manifolds. For a solvmanifold G/Γ in
these classes, we prove that we obtain an explicit finite dimensional sub-DGA C∗Γ ⊂
dG∗(G/Γ, J) such that the inclusion induces a cohomology isomorphism (Theorem 6.5,
7.2). By this result, we can describe the generalized Kuranishi space explicitly (Corollary
6.7 ,7.4). By this description, we obtain criterions for the stability of the left-invariantness
under generalized deformations by using certain characters on G (Theorem 6.8, 7.5).
Moreover, we can give estimations of the singularities of the generalized Kuranishi spaces
of certain solvmanifolds (Theorem 6.9, Corollary 8.2).
Let (M,J) be a compact complex manifold. A bi-vector field µ ∈ C∞(∧2 T1,0M) is
called holomorphic Poisson if ∂¯µ = 0 and [µ • µ] = 0. Let µ be a holomorphic Poisson
bi-vector field µ on M . Then we can define the cohomology determined by µ which is
isomorphic to the Lie algebroid cohomology of generalized complex structure given by µ
(see [17]). Unlike real Poisson cohomology, this cohomology is always finite dimensional
(see [17]). Our results on DGAs can be applied to holomorphic Poisson cohomology
on complex solvmanifolds in the above two classes, we can compute the holomorphic
Poisson cohomology by explicit finite-dimensional complexes (Corollary 6.6, 7.3) By this
result, we can find a remarkable example. (see Section 7.4)
2. Notation and Conventions
• ”DGA” means ”differential Gerstenhaber algebra”.
• ”DGrA” means ”differential graded algebra”. (We must distinguish DGA and
DGrA.)
• ”DBiA” means ”differential bi-graded algebra”.
• We write [n] = {1, 2, . . . , n} = {a ∈ Z>0|a ≤ n}.
• For a multi-index I = {i1, . . . , ip}, products through I are written shortly, for
examples, αI = αi1 · αi2 · · ·αip , xI = xi1 ∧ xi2 ∧ · · · ∧ xip etc.
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3. DGAs of Lie algebras
Let G be a simply connected Lie group with a left-invariant complex structure J .
and g the Lie algebra of G. Consider the decomposition g ⊗ C = g1,0 ⊕ g0,1 where g1,0
(resp. g0,1) is the
√−1-eigenspace (resp. √−1-eigenspace) of J . Then we can define the
bracket [•] on g1,0 ⊕ g∗0,1 as
[X + x¯ • Y + y¯] = [X,Y ] + iXdy¯ − iY dx¯
for X,Y ∈ g1,0, x¯, y¯ ∈ g∗0,1 where d is the exterior differential which is dual to the Lie
bracket. Extending this bracket on
∧
(g1,0⊕g∗1,0) and considering the Dolbeault operator
∂¯, (
∧
(g1,0 ⊕ g1,0∗), ∧, [•], ∂¯) is a DGA. We denote this DGA by dG∗(g, J).
Remark 1. Suppose (G, J) is a complex Lie group. Then since g1,0 and g
∗
0,1 consist of
holomorphic vector fields and anti-holomorphic forms respectively, we have iXdy¯ = 0
and ∂¯X = 0 for X ∈ g1,0 and y¯ ∈ g∗0,1. Hence regarding
∧
g1,0 as a DGA with trivial
differential and
∧
g
∗
0,1 as a DGA with trivial bracket, we have
dG∗(g, J) =
∧
g1,0 ⊗
∧
g
∗
0,1
as a tensor product of DGAs. In particular we have
[
∧p
g1,0 ⊗
∧q
g
∗
0,1 •
∧0
g1,0 ⊗
∧r
g
∗
0,1] = 0.
We suppose G has a lattice (i.e. cocompact discrete subgroup) Γ. Then we have the
inclusion dG∗(g, J) ⊂ dG∗(G/Γ, J) of DGA.
We use the following theorem:
Theorem 3.1. ([28, Theorem 1.3], [3, Theorem 3.1]) Let G be a simply connected
2n-dimensional nilpotent Lie group with a left invariant structure J . Then we have
d(
∧n
g
∗
1,0) = 0. In particular for a lattice Γ, the canonical bundle
∧n T ∗1,0G/Γ of the
nilmanifold G/Γ is trivial.
By this theorem we have:
Corollary 3.2. Let G be a simply connected 2n-dimensional nilpotent Lie group with a
left invariant structure J . We suppose that the inclusion
∧∗
g
∗
1,0 ⊗
∧∗
g
∗
0,1 ⊂ A∗,∗(G/Γ)
induces an isomorphism
H∗,∗
∂¯
(g) ∼= H∗,∗
∂¯
(G/Γ).
Then the inclusion dG∗(g, J) ⊂ dG∗(G/Γ, J) induces a cohomology isomorphism.
Proof. Fix p ∈ N. We consider the natural C-linear isomorphism ∧p g1,0 ∼= ∧n−p g∗1,0
given by the pairing ∧p
g
∗
1,0 ×
∧n−p
g
∗
1,0 →
∧n
g
∗
1,0.
By theorem 3.1, this isomorphism induces an isomorphism
∧p T1,0G/Γ ∼= ∧n−p T ∗1,0G/Γ
of holomorphic vector bundles, and hence induces an isomorphism
(A0,∗(G/Γ,
∧p T1,0G/Γ), ∂¯) ∼= (An−p,∗(G/Γ), ∂¯).
Now we have the commutative diagram∧n−p
g
∗
1,0 ⊗
∧∗
g0,1
//
∼=

An−p,∗(G/Γ)
∼=
∧p
g1,0 ⊗
∧∗
g
∗
0,1
// A0,∗(G/Γ,
∧p T1,0G/Γ).
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Since the inclusion
∧n−p
g
∗
1,0 ⊗
∧∗
g0,1 ⊂ An−p,∗(G/Γ) induces a cohomology isomor-
phism, the inclusion ∧p
g1,0 ⊗
∧∗
g
∗
0,1 ⊂ A0,∗(G/Γ,
∧p T1,0G/Γ)
does so. Hence the corollary follows. 
Theorem 3.3. Let G be a simply connected nilpotent Lie group with a lattice Γ and
a left-invariant complex structure J . Then the inclusion
∧∗
g
∗
1,0 ⊗
∧∗
g
∗
0,1 ⊂ A∗,∗(G/Γ)
induces an isomorphism
H∗,∗
∂¯
(g) ∼= H∗,∗
∂¯
(G/Γ),
if (G, J,Γ) meet one of the following conditions:
(N) The complex manifold (G/Γ, J) has the structure of an iterated principal holo-
morphic torus bundle ([6]).
(Q) J is a rational complex structure i.e. for the rational structure gQ ⊂ g of the Lie
algebra g induced by a lattice Γ (see [22, Section 2]) we have J(gQ) ⊂ gQ ([4]).
(C) (G, J) is a complex Lie group ([26]).
Remark 2. It is known that the isomorphism H∗,∗
∂¯
(g) ∼= H∗,∗
∂¯
(G/Γ) holds on an open set
of any connected component of the moduli space of left-invariant complex structures on
a nilmanifold G/Γ. (see [4]).
4. Generalized deformations
4.1. DGA and generalized Kuranishi space. Let (M,J) be a compact n-dimensional
complex manifold. We define the generalized complex structure J ∈ End(TM ⊕ T ∗M)
by J =
( −J 0
0 J∗
)
with the maximally isotropic subspace LJ = T0,1M ⊕ T ∗1,0M in
(TM ⊕ T ∗M)⊗ C.
For ǫ ∈ C∞(∧2 L∗) = C∞(∧2 L¯) = dG2(M,J), we have the new generalized complex
structure given by the maximally isotropic subspace
Lǫ = (1 + ǫ)LJ = {E + iEǫ|E ∈ LJ }
if ǫ satisfies the generalized Maurer-Cartan equation
∂¯ǫ+
1
2
[ǫ • ǫ] = 0.
For a Hermitian metric on M, we consider the C-anti-linear Hodge star operator
∗¯g : A0,q(M,
∧p T1,0M)→ An,n−q(M,∧p T ∗1,0M),
the adjoint differential operator ∂¯∗ = −∗¯g∂¯∗¯g, the Laplacian operator g = ∂¯∗∂¯ + ∂¯∂¯∗,
the space H∗g(M,J) = Kerg|dG∗(M,J) of harmonic forms, the orthogonal projection
H : dG∗(M,J) → H∗g(M,J) and the Green operator G : dG∗(M,J)→ dG∗(M,J). Take
a basis η1, . . . ηk of H∗g(M,J). For parameters t = (t1, . . . , tk), we consider the formal
power series φ(t) = φ(t1, . . . , tk) with values in dG
2(G/Γ, J) given inductively by φ1(t) =∑k
i=1 tiηi and
φr(t) =
1
2
r−1∑
s=1
∂¯∗G[φs(t) • φr−s(t)].
For sufficiently small δ > 0, for |t| < δ, φ(t) converges. We denote
Kurgen(M,J) = {t = (t1, . . . , tk)| |t| < δ, H ([φ(t) • φ(t)]) = 0} .
Then we have:
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Theorem 4.1. ([9]) For t ∈ Kurgen(M,J), φ(t) satisfies the generalized Maurer-Cartan
equation. Any sufficiently small deformation of the generalized complex structure J is
equivalent to a generalized complex structure given by the maximally isotropic subspace
Lφ(t) = (1 + φ(t))LJ
for some t ∈ Kurgen(M,J).
Suppose the canonical bundle
∧n T ∗1,0M is trivial. Since we have an isomorphism∧p T ∗1,0M ∼= ∧n−p T1,0M by the pairing ∧ : ∧p T ∗1,0M×∧n−p T ∗1,0M → ∧n T ∗1,0M , we can
identifies (An,∗(M,
∧p T ∗1,0M), ∂¯) with (A0,∗(M,∧n−p T1,0M), ∂¯). Hence we can regard
∗¯g : A0,q(M,
∧p T1,0M)→ A0,n−q(M,∧n−p T1,0M)
and so
∗¯g : dGr(M,J)→ dG2n−r(M,J).
Lemma 4.2. Suppose the canonical bundle
∧n T ∗1,0M is trivial. Let C∗ be a finite-
dimensional subDGA of dG(M,J) such that ∗¯(C∗) ⊂ C∗. Suppose the inclusion C∗ ⊂
dG∗(M,J) induces a cohomology isomorphism. Then for t ∈ Kurgen(M,J), we have
φ(t) ∈ C2.
Proof. By ∗¯g(C∗) ⊂ C∗, we can regard ∂∗|C∗ and g|C∗ as operators on C
∗. Since C∗ is
finite dimensional, we can easily show the decomposition
C∗ = Kerg|C∗ ⊕ Im ∂|C∗ ⊕ Im ∂∗|C∗ .
Hence the induced map H∗(C∗) → H∗(dG∗(M,J)) is represented by the inclusion
Ker|C∗ ⊂ H∗g(M,J). Since the induced map H∗(C∗) → H∗(dG∗(M,J)) is an iso-
morphism, we have Ker|C∗ = H∗g(M,J). For tiηi ∈ H2g(M,J) = Ker|C∗ , since C∗
is a finite-dimensional sub-DGA of dG∗(M,J), for a basis ζ1, . . . , ζl of C2, we have
φ(t) =
∑
ψi(t)ζi which converges for |t| < δ. Hence the lemma follows. 
By this lemma we can prove the generalized version of Rollenske’s result in [23].
Proposition 4.3. Let G be a simply connected 2n-dimensional nilpotent Lie group with
a left invariant complex structure J . We suppose that the inclusion
∧∗
g
∗
1,0 ⊗
∧∗
g
∗
0,1 ⊂
A∗,∗(G/Γ) induces an isomorphism
H∗,∗
∂¯
(g) ∼= H∗,∗
∂¯
(G/Γ).
Let J be the generalized complex structure given by J . Then any sufficiently small
deformation of J is equivalent to a generalized complex structure which is induced by a
left-invariant generalized complex structure on G.
Proof. Take a basis X1, . . . ,Xn of g1,0. We consider the left-invariant Hermitian metric
g =
∑
xix¯i where x1, . . . , xn is the basis of g
∗
1,0. Then we have ∗¯g(dG∗(g, J)) ⊂ dG∗(g, J).
For the basis
X1, . . . ,Xn, X¯1, . . . , X¯n, x1, . . . , xn, x¯1, . . . , x¯n
of (g⊕ g∗)⊗C we write
J = √−1
∑
(Xi ⊗ xi + x¯i ⊗ X¯i)−
√−1
∑
(X¯i ⊗ x¯i + xi ⊗Xi).
By Theorem 4.1 and Lemma 4.2, any sufficiently small deformation of J is equivalent
to
Jǫ =
√−1
∑
(Xǫi ⊗ xǫi + (x¯i)ǫ ⊗ (X¯i)ǫ)−
√−1
∑
(X¯ ǫ¯i ⊗ x¯ǫ¯i + xǫ¯i ⊗X ǫ¯i )
where we write Eǫ = E + iEǫ for E ∈ LJ . Hence the theorem follows. 
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4.2. Smoothness. We can prove generalized version of Rollenske’s result in [25].
Proposition 4.4. Let G be a n-dimensional simply connected complex nilpotent Lie
group with a lattice Γ. Suppose G is ν-step i.e. Cν−1g 6= 0 and Cνg = 0 where we denote
by g = C0g ⊃ C1g ⊃ C2g · · · the lower central series. Then the formal power series φ(t)
as in Section 4.1 is a finite sum
φ(t) =
ν∑
i=1
φi(t)
and we have
H [φ(t), φ(t)] =
∑
i+j≤ν
H [φi(t), φj(t)] .
In particular Kurgen(G/Γ, J) is cut out by polynomial equations of degree at most ν.
Proof. By remark 1, we have[
dG2(g, J) • dG2(g, J)]
⊂
[∧1
g1,0 ⊗
∧1
g
∗
0,1 •
∧1
g1,0 ⊗
∧1
g
∗
0,1
]⊕[ 2∧
g1,0 ⊗
0∧
g
∗
0,1 •
1∧
g1,0 ⊗
1∧
g
∗
0,1
]
⊕[ 2∧
g1,0 ⊗
0∧
g
∗
0,1 •
2∧
g1,0 ⊗
0∧
g
∗
0,1
]
.
We have ∂¯∗(
∧p
g1,0) = 0 for any p ∈ N. Moreover since we have ∂¯|∧n−1
g
∗
0,1
= 0 by the
unimodularity of G, we have ∂¯∗(
∧p
g1,0 ⊗
∧1
g
∗
0,1) = 0 for any p ∈ N. Hence we have
∂¯∗G
[
dG2(g, J) • dG2(g, J)] ⊂ [∧1 g1,0 ⊗∧1 g∗0,1 •∧1 g1,0 ⊗∧1 g∗0,1] .
By this, for i ≥ 2 inductively we have
φi(t) ∈ Ci−1g1,0 ⊗
∧1
g
∗
0,1
for i ≥ 2. Hence we have φν+1(t) = 0 and [φi(t), φj(t)] ∈ Ci+j−1g1,0⊗
∧1
g
∗
0,1 for i, j ≥ 2
and [φν(t), φ1(t)] = 0. These imply the theorem. 
We consider the special condition which implies that Kurgen(M,J) is smooth. In
Section 8, we give a large class of complex solvmanifolds satisfying such condition.
Proposition 4.5. Let (M,J) be a compact complex manifold. Suppose there exists a
Hermitian metric g on M such that the space H∗g(M,J) is closed under the Schouten
bracket. Take a basis η1, . . . ηk of H∗g(M,J). Then we have
Kurgen(M,J) =
{
t = (t1, . . . , tk)|
[
k∑
i=1
tiηi •
k∑
i=1
tiηi
]
= 0
}
.
In particular Kurgen(G/Γ, J) is cut out by polynomial equations of degree at most 2.
Moreover, suppose that the Schouten bracket on H∗g(M,J) is trivial. Then Kurgen(G/Γ, J)
is smooth.
Proof. For any parameter t = (t1, . . . , tk) we have
[∑k
i=1 tiηi •
∑k
i=1 tiηi
]
∈ H∗g(M,J).
Hence we have G[
∑k
i=1 tiηi•
∑k
i=1 tiηi] = 0 and so we have φ(t) =
∑k
i=1 tiηi. This implies
the first assertion of the proposition. Obviously, the second assertion follows from the
first assertion.

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Remark 3. For a compact complex manifold, we consider the differential graded Lie
algebra
A0,∗(M,T1,0M)
of differential forms with values in the holomorphic tangent bundle and the space
H∗g(M,J) ∩A0,∗(M,T1,0M)
of harmonic forms which belong to such space. We take a basis a basis η1, . . . , ηj , . . . ηk
of H2g(M,J) such that η1, . . . , ηj is a basis of H2g(M,J) ∩ A0,1(M,T1,0M). Then the
subspace
Kur(M,J) = {t = (t1, . . . , tj , 0, . . . , 0)| |t| < δ, H([φ(t) • φ(t)]) = 0}
of Kur(M,J)gen is the usual Kuranishi space (see [16] and [9] ). Hence study of gener-
alized deformation covers study of usual deformation of complex structures.
5. Cohomology of holomorphic Poisson manifolds
Let (M,J) be a compact complex manifold. A bi-vector field µ ∈ C∞(∧2 T1,0M) is
called holomorphic Poisson if ∂¯µ = 0 and [µ • µ] = 0. Let µ be a holomorphic Poisson
bi-vector field µ on M . Then T ∗M is naturally a holomorphic Lie algebroid. Since
µ ∈ dG∗(M,J) satisfies the generalized Maurer-Cartan equation, we have the deformed
generalized structure given by the maximally isotropic subspace Lµ. Considering the
DBiA
(
A0,∗(M,
∧∗ T1,0M), ∂¯), by the differential operator [µ•] : A0,∗(M,∧∗ T1,0M) →
A0,∗(M,
∧∗+1 T1,0M), we have the double complex (A0,∗(M,∧∗ T1,0M), ∂¯, [µ•]). Then
we consider the following three cohomologies:
• The Lie algebroid cohomology of the holomorphic Lie algebroid T ∗M .
• The Lie algebroid cohomology of the algebroid Lµ (Lie algeboid cohomology of a
generalized complex manifold see [9]).
• The total cohomology of the double complex
(A0,∗(M,
∧∗ T1,0M), ∂¯, [µ•]).
It is known that, these cohomologies are all isomorphic (see [17]). We use the notation
H∗(M,µ) for any one of the above cohomology groups and call it the holomorphic Poisson
cohomology of (M,J, µ).
Lemma 5.1. Let C∗,∗ be a sub-DBiA of the DBiA (A0,∗(M,
∧∗ T1,0M), ∂¯). We suppose
that the inclusion C∗,∗ ⊂ A0,∗(M,∧∗ T1,0M) induces a ∂¯-cohomology isomorphism and
for Cr =
⊕
p+q=r C
p,q, C∗ is a sub-DGA of dG∗(M,J). Let µ ∈ C2,0 be a holomor-
phic Poisson bi-vector field. Then the inclusion C∗,∗ ⊂ A0,∗(M,∧∗ T1,0M) induces an
isomorphism between the total cohomology of (C∗,∗, ∂¯, [µ•]) and the total cohomology of
(A0,∗(M,
∧∗ T1,0M), ∂¯, [µ•]).
Hence the total cohomology of (C∗,∗, ∂¯, [µ•]) is isomorphic to H∗(M,µ).
Proof. For the double complexes (C∗,∗, ∂¯, [µ•]) and
(A0,∗(M,
∧∗ T1,0M), ∂¯, [µ•]),
we have the spectral sequences E∗,∗∗ (C∗,∗) and E
∗,∗
∗ (A0,∗(M,
∧∗ T1,0M)) such that E∗,∗1 (C∗,∗) ∼=
H∗,∗
∂¯
(C∗,∗) and
E∗,∗1 (A
0,∗(M,
∧∗ T1,0M)) ∼= H∗,∗∂¯ (A0,∗(M,∧∗ T1,0M)).
Since the inclusion C∗,∗ ⊂ A0,∗(M,∧∗ T1,0M) induces a ∂¯-cohomology isomorphism, the
inclusion C∗,∗ ⊂ A0,∗(M,∧∗ T1,0M) induces an isomorphismE∗,∗1 (C∗,∗) ∼= E∗,∗1 (A0,∗(M,∧∗ T1,0M)).
Hence by [18, Theorem 3.5], the lemma follows. 
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By this lemma we have:
Corollary 5.2. Let G be a simply connected 2n-dimensional nilpotent Lie group with a
left invariant structure J . We suppose that the inclusion
∧∗
g
∗
1,0 ⊗
∧∗
g
∗
0,1 ⊂ A∗,∗(G/Γ)
induces an isomorphism
H∗,∗
∂¯
(g) ∼= H∗,∗
∂¯
(G/Γ).
Let µ ∈ ∧2 g1,0 be a holomorphic Poisson bi-vector field. Then the inclusion ∧∗ g1,0 ⊗∧∗
g
∗
0,1 ⊂ A0,∗(G/Γ,
∧∗ T1,0G/Γ) induces an isomorphism between the total cohomology
of (
∧∗
g1,0⊗
∧∗
g
∗
0,1, ∂¯, [µ•]) and the total cohomology of (A0,∗(G/Γ,
∧∗ T1,0G/Γ), ∂¯, [µ•]).
Hence the total cohomology of (
∧∗
g1,0 ⊗
∧∗
g
∗
0,1, ∂¯, [µ•]) is isomorphic to H∗(G/Γ, µ).
Proof. In the proof of Theorem 3.2, we showed that the inclusion∧∗
g1,0 ⊗
∧∗
g
∗
0,1 ⊂ A0,∗(G/Γ,
∧∗ T1,0G/Γ)
induces an ∂¯-cohomology isomorphism. Thus we can apply Lemma 5.1. 
Example 1. Consider the 3-dimensional complex Heisenberg group
N =



 1 a c0 1 b
0 0 1

 : a, b, c ∈ C


and G = N ×C. Then G admits a lattice Γ. We take a basis X,Y,Z,W of g1,0 such that
[X,Y ] = Z and other brackets are 0, and a basis x¯, y¯, z¯, w¯ of g∗0,1 such that dz¯ = −x¯ ∧ y¯
and dx¯ = dy¯ = dw¯ = 0. We consider the following holomorphic Poisson bi-vector field
µ = X ∧ Z + Y ∧W.
Then by Corollary 5.2, H∗(G/Γ, µ) is isomorphic to the total cohomology of (
∧∗
g1,0 ⊗∧∗
g
∗
0,1, ∂¯, [µ•]).
µ is induced by a holomorphic symplectic form on G/Γ. By the non-degeneracy of
µ, we can show that the total cohomology of (
∧∗
g1,0 ⊗
∧∗
g
∗
0,1, ∂¯, [µ•]) is isomorphic
to the total cohomology of (
∧∗
g
∗
1,0 ⊗
∧∗
g
∗
0,1, ∂¯, ∂) and hence by Nomizu’s theorem in
[21], it is isomorphic to the de Rham cohomology H∗(G/Γ,C) of G/Γ. The cohomology
H∗(G/Γ, µ) is not isomorphic to the Dolbeault cohomology H∗(dG∗(G/Γ, J)). In Section
8, we give examples of solvmanifolds with holomorphic symplectic forms such that the
holomoprhic Poisson cohomologies are isomorphic to the Dolbeault cohomologies. In
Section 7, we give an example of a solvmanifold with a holomorphic Poisson bi-vector
field such that the holomoprhic Poisson cohomology is neither the de Rham cohomology
nor the Dolbeault cohomology.
6. DGAs and generalized deformations of solvmanifolds of splitting type
6.1. DGA. In this section, we consider:
Assumption 6.1. We consider pairs (G,Γ) where G is the semi-direct product Cn⋉φN
with a left-invariant complex structure J = JC ⊕ JN and the following conditions are
satised.
(1) N is a simply connected nilpotent Lie group with a left-invariant complex struc-
ture JN .
Let a and n be the Lie algebras of Cn and N respectively.
(2) For any t ∈ Cn, φ(t) is a holomorphic automorphism of (N,JN ).
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(3) φ induces a semi-simple action on the Lie algebra n of N .
(4) G has a lattice Γ. (Then Γ can be written by Γ = Γ′⋉φΓ′′ such that Γ′ and Γ′′ are
lattices of Cn and N respectively and for any t ∈ Γ′ the action φ(t) preserves Γ′′.)
(5) The inclusion
∧∗
n
∗
1,0 ⊗
∧∗
n
∗
0,1 ⊂ A∗,∗(N/Γ′′) induces an isomorphism
H∗,∗
∂¯
(n) ∼= H∗,∗
∂¯
(N/Γ′′).
Consider the decomposition n⊗C = n1,0⊕ n0,1. By the condition (2), this decomposi-
tion is a direct sum of Cn-modules. By the condition (3) we have a basis Y1, . . . , Ym of n
1,0
such that the action φ on n1,0 is represented by φ(t) = diag(α1(t), . . . , αm(t)). Since Yj is
a left-invariant vector field on N , the vector field αjYj on C
n⋉φN is left-invariant. Hence
we have a basis X1, . . . ,Xn, α1Y1, . . . , αmYm of g1,0. Let x1, . . . , xn, α
−1
1 y1, . . . , α
−1
m ym be
the basis of g∗1,0 which is dual to X1, . . . ,Xn, α1Y1, . . . , αmYm. Then we have∧p
g
∗
1,0 ⊗
∧q
g
∗
0,1
=
p∧
〈x1, . . . , xn, α−11 y1, . . . , α−1m ym〉 ⊗
q∧
〈x¯1, . . . , x¯n, α¯−11 y¯1, . . . , α¯−1m y¯m〉.
Lemma 6.2. ([13, Lemma 2.2]) Let α : Cn → C∗ be a C∞-character of Cn. There exists
a unique unitary character β such that αβ−1 is holomorphic.
By this lemma take the unique unitary characters βi and γi on C
n such that αiβ
−1
i
and α¯γ−1i are holomorphic.
Theorem 6.3. ([13, Corollary 4.2]) Let B∗,∗Γ ⊂ A∗,∗(G/Γ) be the sub-DBiA of A∗,∗(G/Γ)
given by
Bp,qΓ =
〈
xI ∧ α−1J βJyJ ∧ x¯K ∧ α¯−1L γLy¯L
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
(βJγL)|Γ = 1
〉
.
Then the inclusion B∗,∗Γ ⊂ A∗,∗(G/Γ) induces a cohomology isomorphism
H∗,∗
∂¯
(B∗,∗Γ ) ∼= H∗,∗∂¯ (G/Γ).
In this paper we consider the following assumption.
Assumption 6.4. α[m] = α1 · α2 · · ·αm = 1 where we write [m] = {1, 2, . . . ,m}.
In this assumption, by Theorem 3.1, we have dy[m] = 0 and hence the holomorphic
canonical bundle of G/Γ is trivialized by the global holomorphic frame x[n] ∧ y[m]. Then
we have:
Theorem 6.5. Let (G,Γ) be as in Assumption 6.1 with Assumption 6.4. We define the
subspace
Cp,qΓ =
〈
XI ∧ αJβ−1J YJ ⊗ x¯K ∧ α¯−1L γLy¯L
∣∣∣ |I|+ |J | = p, |K|+ |L| = q
(β−1J γL)|Γ = 1
〉
of A0,q(G/Γ,
∧p T 1,0G/Γ). We denote CkΓ = ⊕p+q=kCp,qΓ . Then (C∗Γ, ∂¯) is a sub-DGA of
dG∗(G/Γ, J) and the inclusion C∗Γ ⊂ dG∗(G/Γ, J) induces a cohomology isomorphism.
Proof. We consider the weight decomposition∧
(n1,0 ⊕ n∗0,1) =
⊕
Vǫi
of the Cn-action via φ . Since φ(t) induces a semi-simple automorphism on the DGA∧(
n1,0 ⊕ n∗0,1
)
for any t ∈ Cn, we have Vǫi ∧ Vǫj ⊂ Vǫiǫj ,
[
Vǫi • Vǫj
] ⊂ Vǫiǫj and ∂¯(Vǫi) ⊂
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Vǫi . Taking the unitary character ζi of C
n such that ǫiζ
−1
i is holomorphic as Lemma 6.2,
we have
C∗Γ =
⊕
(ζi)|Γ=1
∧
((Cn)1,0 ⊕ (Cn)∗0,1)⊗ ǫiζ−1i Vǫi .
Hence C∗Γ is closed under wedge product. Since ǫiζ
−1
i is holomorphic, we have[∧
((Cn)1,0 ⊕ (Cn)∗0,1)⊗ ǫiζ−1i Vǫi •
∧
((Cn)1,0 ⊕ (Cn)∗0,1)⊗ ǫjζ−1j Vǫj
]
⊂
∧
((Cn)1,0 ⊕ (Cn)∗0,1)⊗ ǫiǫjζ−1i ζ−1j Vǫiǫj
and
∂¯
(∧
((Cn)1,0 ⊕ (Cn)∗0,1)⊗ ǫiζ−1i Vǫi
)
=
∧
((Cn)1,0 ⊕ (Cn)∗0,1)⊗ ǫiζ−1i ∂¯Vǫi ⊂
∧
((Cn)1,0 ⊕ (Cn)∗0,1)⊗ ǫiζ−1i Vǫi .
Hence C∗Γ is a subDGA of dG
∗(G/Γ, J).
We will show that C∗Γ ⊂ dG∗(G/Γ, J) induces a cohomology isomorphism. Since the
holomorphic canonical bundle of G/Γ is trivialized by the global holomorphic frame
x[n] ∧ y[m], we have the isomorphism∧p T1,0G/Γ ∼= ∧n+m−p T ∗1,0G/Γ
which is given by∧p
g1,0 ∋ XI ∧ αJYJ 7→ xI ∧ α−1[m]−JyJ ∈
∧n+m−p
g
∗
1,0.
By this isomorphism we have the commutative diagram
Bn+m−p,∗Γ //
∼=

An+m−p,∗(G/Γ)
∼=

Cp,∗Γ // A
0,∗(G/Γ,
∧p T1,0G/Γ).
Hence by Theorem 6.3, Cp,∗Γ is a subcomplex of A
0,∗(G/Γ,
∧p T1,0G/Γ) and the inclusion
Cp,∗Γ ⊂ A0,∗(G/Γ,
∧p T1,0G/Γ) induces a cohomology isomorphism for each p and this
implies the theorem. 
6.2. Holomorphic Poisson cohomology. We consider the cohomology of holomor-
phic Poisson solvmanifolds.
Corollary 6.6. Let (G,Γ) be as in Assumption 6.1 with Assumption 6.4. We consider
the DBiA (C∗,∗Γ , ∂¯) as Theorem 6.5. Let µ ∈ C2.0Γ be a holomorphic Poisson bi-vector
field. Then the inclusion
C∗,∗Γ ⊂ A0,∗(G/Γ,
∧∗ T1,0G/Γ)
induces an isomorphism between the total cohomology of the double complex (C∗,∗Γ , ∂¯, [µ•])
and the total cohomology of the double complex (A0,∗(G/Γ,
∧∗ T1,0G/Γ), ∂¯, [µ•]). Hence
total cohomology of the double complex (C∗,∗Γ , ∂¯, [µ•]) is isomorphic to H(G/Γ, µ).
Proof. In the proof of Theorem 6.5, we showed that the inclusion
C∗,∗Γ ⊂ A0,∗(G/Γ,
∧∗ T1,0G/Γ)
induces a ∂¯-cohomology isomorphism. Thus we can apply Lemma 5.1. 
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6.3. Generalized deformation. Let (G,Γ) be as in Assumption 6.1 with Assumption
6.4. We consider the left-invariant Hermitian metric
g =
∑
xix¯i +
∑
α−1i α¯
−1
i yiy¯i.
Then the C-anti-linear Hodge star operator
∗¯g : A0,q(G/Γ,
∧p T1,0G/Γ)→ A0,n+m−q(G/Γ,∧n+m−p T1,0G/Γ)
is given by
∗¯g(XI ∧ αJYJ ⊗ x¯K ∧ α¯−1L y¯L) = X[n]−I ∧ α[m]−JY[m]−J ⊗ x¯[n]−K ∧ α¯−1[m]−Ly¯[m]−L.
Since we have α[m]−J = α
−1
J and β[m]−J = β
−1
J , we have
∗¯g(XI ∧ αJβ−1J YJ ⊗ x¯K ∧ α¯−1L γLy¯L)
= X[n]−I ∧ α[m]−JβJY[m]−J ⊗ x¯[n]−K ∧ α¯−1[m]−Lγ−1L y¯[m]−L
= X[n]−I ∧ α[m]−Jβ−1[m]−JY[m]−J ⊗ x¯[n]−K ∧ α¯−1[m]−Lγ[m]−Ly¯[m]−L ∈ C∗Γ.
Hence we have ∗¯g(C∗) ⊂ C∗. For the above X1, . . . Xn, Y1, . . . , Ym, x1, . . . xn, y1, . . . , ym,
as an endomorphism of the complexified tangent bundle, the complex structure J can
be written as
J =
√−1
∑
(Xi ⊗ xi + Yi ⊗ yi)−
√−1
∑
(X¯i ⊗ x¯i + Y¯i ⊗ y¯i).
and this gives the generalized complex structure
J = √−1
∑
(Xi ⊗ xi + Yi ⊗ yi + x¯i ⊗ X¯i + y¯i ⊗ Y¯i)
−√−1
∑
(X¯i ⊗ x¯i + Y¯i ⊗ y¯i + xi ⊗Xi + yi ⊗ Yi).
By Theorem 6.5, Theorem 4.1 and Lemma 4.2, we have:
Corollary 6.7. Any sufficiently small deformation of the generalized complex structure
J which is given by J is equivalent to
Jǫ =
√−1
∑
(Xǫi ⊗ xǫi + Y ǫi ⊗ yǫi + (x¯i)ǫ ⊗ (X¯i)ǫ + (y¯i)ǫ ⊗ (Y¯i)ǫ)
−√−1
∑
((X¯i)
ǫ¯ ⊗ (x¯i)ǫ¯ + (Y¯i)ǫ¯ ⊗ (y¯i)ǫ¯ + xǫ¯i ⊗X ǫ¯i + yǫ¯i ⊗ Y ǫ¯i ).
for some ǫ ∈ C2Γ where we write Eǫ = E + iEǫ for E ∈ LJ .
We consider the following condition:
(Dr) For r ∈ N, for any J,L ⊂ [m] with |J | + |L| ≤ r, (β−1J γL)|Γ = 1 if and only if
αJ α¯
−1
L = 1.
If the condition Dr holds, then for p, q ∈ N with p+ q ≤ r we have
Cp,qΓ =
〈
XI ∧ YJ ⊗ x¯K ∧ y¯L|αJα−1L = 1
〉
.
Hence we have C∗Γ ⊂ dG∗(g, J). This implies that φ(t) ∈ Kurgen(G/Γ) gives a left-
invariant generalized complex structure on G/Γ. We have:
Theorem 6.8. Let (G,Γ) be as in Assumption 6.1 with Assumption 6.4. Suppose that
the condition (D2) holds. Then any sufficiently small deformation of the generalized
complex structure J which is given by J is equivalent to a generalized complex structure
on G/Γ which is induced by a left-invariant generalized complex structure on G.
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Theorem 6.9. Let (G,Γ) be as in Assumption 6.1 with Assumption 6.4. We assume
the following conditions:
(a) (N,J) is a ν-step complex nilpotent Lie group.
(b) For any J,L ⊂ [m], (β−1J γL)|Γ = 1 if and only if (αJ α¯−1L )|Γ = 1.
Then the formal power series φ(t) as in Section 4.1 is a finite sum
φ(t) =
ν∑
i=1
φi(t)
and we have
H[φ(t), φ(t)] =
∑
i+j≤ν
H[φi(t), φj(t)].
In particular Kurgen(G/Γ, J) is cut out by polynomial equations of degree at most ν.
Remark 4. The condition (b) is more general than the condition (Dr).
Proof. If (αJ α¯
−1
L )|Γ = 1, then αJ α¯
−1
L is unitary and we have αJ α¯
−1
L = βJγ
−1
L . By the
assumption (b), we have
Cp,qΓ =
〈
XI ∧ YJ ⊗ x¯K ∧ y¯L|(αJ α¯−1L )|Γ = 1
〉
.
Since Y1, . . . , Ym and y¯1, . . . , y¯m are bases of n1,0 and n
∗
0,1 respectively, we have an em-
bedding ψ : CsΓ →֒ dGs(Cn ⊕ n, J). Consider the left-invariant Hermitian metric
h =
∑
xix¯i +
∑
yiy¯i
on the simply connected complex nilpotent Lie group Cn×N . Then for the left-invariant
Hermitian metric
g =
∑
xix¯i +
∑
α−1i α¯
−1
i yiy¯i
on G, we have ψ ◦ ∗¯g = ∗¯h ◦ ψ. Hence the formal power series φ(t) as in Section 4.1 is
constructed by the DGA dGs(Cn⊕ n, J). As the proof of Theorem 4.4, we can show the
theorem. 
Example 2. Let G = C ⋉φ N such that N = N1 × N2, both N1 and N2 are the 3-
dimensional complex Heisenberg groups and the action φ is given by
φ(x+
√−1y)



 1 w1,1 w1,30 1 w1,2
0 0 1

 ,

 1 w2,1 w2,30 1 w2,2
0 0 1




=



 1 ek1xw1,1 e(k1+k2)xw1,30 1 ek2xw1,2
0 0 1

 ,

 1 e−k1xw1,1 e−(k1+k2)xw1,30 1 e−k2xw1,2
0 0 1




where k1 and k2 are positive integers. Taking a basis Y1,1, Y1,2, Y1,3, Y2,1, Y2,2, Y2,3 of n1,0
such that
[Y1,1, Y1,2] = Y1,3, [Y2,1, Y2,2] = Y2,3,
the action φ on n1,0 is represented by
diag(α1,1, α1,2, α1,3, α2,1, α2,2, α2,3)
= diag(ek1x, ek2x, e(k1+k2)x, e−k1x, e−k2x, e−(k1+k2)x).
For the coordinate z = x+
√−1y, we have
g1,0 =
〈
∂
∂z
, ek1xY1,1, e
k2xY1,2, e
(k1+k2)xY1,3, e
−k1xY2,1, e−k2xY2,2, e−(k1+k2)xY2,3
〉
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and
∧
g
∗
1,0 ⊗
∧
g
∗
0,1
=
〈
dz, e−k1xy1,1, ek2xy1,2, e−(k1+k2)xy1,3, ek1xy2,1, ek2xy2,2, e(k1+k2)xy2,3
〉
⊗
〈
dz¯, e−k1xy¯1,1, ek2xy¯1,2, e−(k1+k2)xy¯1,3, ek1xy¯2,1, ek2xy¯2,2, e(k1+k2)xy¯2,3
〉
where y1,1, y1,2, y1,3, y2,1, y2,2, y2,3 is the dual basis of Y1,1, Y1,2, Y1,3, Y2,1, Y2,2, Y2,3. Taking
unitary characters
(β1,1, β1,2, β1,3, β2,1, β2,2, β2,3)
= (e−
√−1k1y, e−
√−1k2y, e−
√−1(k1+k2)y, e
√−1k1y, e
√−1k2y, e
√−1(k1+k2)y),
each αi,jβ
−1
i,j is holomorphic.
Take a unimodular matrix B ∈ SL(2, Z) with distinct positive eigenvalues λ and λ,
and set a = log λ. Then as similar to [27], for any non-zero number b ∈ R, we have a
lattice Γ = (aZ+
√−1bZ)⋉ Γ′′ such that Γ′′ is a lattice of N which is given by
Γ′′ =





 1 u1,1 + λu2,1 u1,3 + λu2,30 1 u1,2 + λu2,2
0 0 1

 ,

 1 u1,1 + λ−1u2,1 u1,3 + λ−1u2,30 1 u1,2 + λ−1u2,2
0 0 1




∣∣∣ui,j ∈ Z+√−1Z} .
Suppose b 6= r
s
π for any r, s ∈ Z. Then the assumptions in Theorem 6.8 and Theroem
6.9 hold. Hence any sufficiently small deformation of the generalized complex structure
J associated with the complex structure of G/Γ is equivalent to a generalized complex
structure on G/Γ which is induced by a left-invariant generalized complex structure on
G and Kurgen(G/Γ, J) is cut out by polynomial equations of degree at most 2.
We assume k1 = 1, k2 = 2. Then we have
C1Γ =
〈
∂
∂z
, dz¯
〉
C2Γ = 〈Y1,1 ∧ Y2,1, Y1,2 ∧ Y2,2, Y1,3 ∧ Y2,3,
∂
∂z
∧ dz¯, Y1,1 ∧ y¯2,1, Y2,1 ∧ y¯1,1, Y1,2 ∧ y¯2,2, Y2,2 ∧ y¯1,2, Y1,3 ∧ y¯2,3, Y2,3 ∧ y¯1,3
y¯1,1 ∧ y¯2,1, y¯1,2 ∧ y¯2,2, y¯1,3 ∧ y¯2,3〉.
We consider the Hermitian metric
g = dzdz¯ + e−2xy11y¯11 + e−4xy1,2y¯1,2 + e−6xy1,3y¯1,3
+ e2xy2,1y¯2,1 + e
4xy2,2y¯2,2 + e
6xy2,3y¯2,3.
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Then we have
H2g(G/Γ, J) = 〈Y1,1 ∧ Y2,1, Y1,2 ∧ Y2,2, Y1,3 ∧ Y2,3,
∂
∂z
∧ dz¯, Y1,1 ∧ y¯2,1, Y2,1 ∧ y¯1,1, Y1,2 ∧ y¯2,2, Y2,2 ∧ y¯1,2,
y¯1,1 ∧ y¯2,1, y¯1,2 ∧ y¯2,2〉.
For parameters t = (t1121, t1222, t1323, t0, t
21
11, t
11
21, t
22
12, t
12
22, t
1121, t1¯2¯2¯2¯), taking
φ1(t) = t1121Y1,1 ∧ Y2,1 + t1222Y1,2 ∧ Y2,2 + t1323Y1,3 ∧ Y2,3
+ t0
∂
∂z
∧ dz¯ + t2111Y1,1 ∧ y¯2,1 + t1121Y2,1 ∧ y¯1,1 + t2212Y1,2 ∧ y¯2,2 + t1222Y2,2 ∧ y¯1,2
+ t1121y1,1 ∧ y¯2,1 + t1222y¯1,2 ∧ y¯2,2,
we have
φ(t) = t1121Y1,1 ∧ Y2,1 + t1222Y1,2 ∧ Y2,2 + t1323Y1,3 ∧ Y2,3
+ t0
∂
∂z
∧ dz¯ + t2111Y1,1 ∧ y¯2,1 + t1121Y2,1 ∧ y¯1,1 + t2212Y1,2 ∧ y¯2,2 + t1222Y2,2 ∧ y¯1,2
+ t1121y1,1 ∧ y¯2,1 + t1222y¯1,2 ∧ y¯2,2
− 1
2
t2111t
22
12Y13Y13 ∧ y¯23 −
1
2
t1121t
12
22Y23 ∧ y¯13
where φ(t) is the formal power series φ(t) as in Section 4.1. We have
Kurgen(M,J)
= {t = (t1121, t1222, t1323, t0, t2111, t1121, t2212, t1222, t1121, t1¯2¯2¯2¯)
| |t| < δ, H([φ(t) • φ(t)]) = 0}.
Kurgen(M,J) is defined by the following quadratic polynomial equations
t1112t1222 = 0, t1121t
22
12 = 0, t1121t
12
22 = 0, t1222t
21
11 = 0, t1222t
11
21 = 0.
Remark 5. In this case, the ordinary Kuranishi space Kur(G/Γ, J) is given by
Kur(G/Γ, J) = {t = (0, 0, 0, t0, t2111, t1121, t2212, t1222, 0, 0)| |t| < δ, H([φ(t) • φ(t)]) = 0}
and hence Kur(G/Γ, J) is unobstructed. But Kurgen(G/Γ, J) is obstructed.
7. DGAs of complex parallelizable solvmanifolds
7.1. DGA. Let G be a simply connected n-dimensional complex solvable Lie group.
Consider the Lie algebra g1,0 (resp. g0,1) of the left-invariant holomorphic (resp. anti-
holomorphic) vector fields on G. Let N be the nilradical of G. We can take a simply
connected complex nilpotent subgroup C ⊂ G such that G = C ·N (see [8]). Since C is
nilpotent, the map
C ∋ c 7→ (Adc)s ∈ Aut(g1,0)
is a homomorphism where (Adc)s is the semi-simple part of Ads.
We have a basis X1, . . . ,Xn of g1,0 such that
(Adc)s = diag(α1(c), . . . , αn(c))
for c ∈ C. Let x1, . . . , xn be the basis of g∗1,0 which is dual to X1, . . . ,Xn.
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Theorem 7.1. ([15, Corollary 6.2 and its proof]) Let B∗Γ be the subcomplex of (A
0,∗(G/Γ), ∂¯)
defined as
B∗Γ =
〈
α¯I
αI
x¯I
∣∣∣ ( α¯I
αI
)
|Γ
= 1
〉
.
Then the inclusion B∗Γ ⊂ A0,∗(G/Γ) induces an isomorphism
H∗(B∗Γ) ∼= H0,∗(G/Γ).
By this theorem we prove:
Theorem 7.2. We consider the subspace
Cp,qΓ =
∧p
g1,0 ⊗BqΓ
of A0,q(G/Γ,
∧p T1,0G/Γ). Denote CrΓ = ⊕p+q=r Cp,qΓ . Then C∗Γ is a sub-DGA of
dG∗(G/Γ, J) and the inclusion induces a cohomology isomorphism.
Proof. By Theorem 7.1, the inclusion C∗,∗Γ ⊂ A0,∗(G/Γ,
∧∗ T1,0G/Γ) induces a cohomol-
ogy isomorphism ∧∗
g1,0 ⊗H ∗¯∂(B∗Γ) ∼=
∧∗
g1,0 ⊗H0,∗∂¯ (G/Γ).
Hence it is sufficient to show that C∗Γ is closed under the Schouten bracket.
For any X ∈ g1,0, we have
X(α−1I ) = α
−1
I αIdα
−1
I (X).
Since αIdα
−1
I is left-invariant, αIdα
−1
I (X) is constant. Hence for some constant c, we
have
X(α−1I ) = cα
−1
I .
Since α¯I and x¯I ∈
∧
g
∗
0,1 are anti-holomorphic, we have
LX
(
α¯I
αI
x¯I
)
= c
α¯I
αI
x¯I .
Hence
∧
g
∗
1,0 ⊗B∗Γ is closed under the Schouten bracket. 
7.2. Holomorphic Poisson cohomology. Since the inclusion
C∗,∗Γ ⊂ A0,∗(G/Γ,
∧∗ T1,0G/Γ)
induces a ∂¯-cohomology isomorphism, by Lemma 5.1, we have:
Corollary 7.3. Let µ ∈ C2.0Γ be a holomorphic Poisson bi-vector field. Then the inclusion
C∗,∗Γ ⊂ A0,∗(G/Γ,
∧∗ T1,0G/Γ) induces an isomorphism between the total cohomology of
the double complex (C∗,∗Γ , ∂¯, [µ•]) and the total cohomology of the double complex
(A0,∗(G/Γ,
∧∗ T1,0G/Γ), ∂¯, [µ•]).
Hence total cohomology of the double complex (C∗,∗Γ , ∂¯, [µ•]) is isomorphic to H(G/Γ, µ).
16 HISASHI KASUYA
7.3. Generalized deformation. We consider the Hermitian metric
g =
∑
xix¯i.
Then for xI
α¯J
αJ
x¯J ∈
∧
g
∗
1,0 ⊗B∗Γ, since G is unimodular, we have
∗¯g(xI ∧ α¯J
αJ
x¯J) = xI′ ∧ αJ
α¯J
x¯J ′ = xI′ ∧ α¯J
′
αJ ′
x¯J ′ ∈
∧
g
∗
1,0 ⊗B∗Γ
where I ′ and J ′ are complements of I and J respectively. Hence we have ∗¯g(
∧
g
∗
1,0⊗B∗Γ) ⊂∧
g
∗
1,0 ⊗B∗Γ. For the basis X1, . . . Xn, x1, . . . xn, the complex structure on G is
J =
√−1
∑
(X1 ⊗ xi)−
√−1
∑
(X¯i ⊗ x¯i).
and this gives the generalized complex structure
J = √−1
∑
(Xi ⊗ xi + x¯i ⊗ X¯i)−
√−1
∑
(X¯i ⊗ x¯i + xi ⊗Xi).
By Theorem 7.2, as the last section, we have:
Corollary 7.4. Any sufficiently small deformation of the generalized complex structure
J which is given by the complex Lie group G is equivalent to
Jǫ =
√−1
∑
(Xǫi ⊗ xǫi + (x¯i)ǫ ⊗ (X¯i)ǫ)−
√−1
∑
((X¯i)
ǫ¯ ⊗ (x¯i)ǫ¯ + xǫ¯i ⊗X ǫ¯i ).
for some ǫ ∈ C2Γ where we write Eǫ = E + iEǫ for E ∈ LJ .
We consider the following condition:
(Er) For r ∈ N, for any I ⊂ [n] with |I| ≤ r,
(
α¯I
αI
)
|Γ
= 1 if and only if αI = 1.
If the condition (Er) holds, then for p ≤ r, we have
BqΓ = 〈x¯I |αI = 1, |I| = q〉
and hence we have BpΓ ⊂
∧p
g
∗
0,1. Thus we have:
Theorem 7.5. Suppose that the condition (E2) holds. Then any sufficiently small defor-
mation of the generalized complex structure J which is given by the complex Lie group
G is equivalent to a generalized complex structure on G/Γ which is induced by a left-
invariant generalized complex structure on G.
7.4. Generalized deformations and holomorphic Poisson cohomology of Naka-
mura manifolds.
Example 3. Let G = C⋉φ C
2 such that
φ(z) =
(
ez 0
0 e−z
)
.
Then we have a+
√−1b, c+√−1d ∈ C such that Z(a+√−1b)+Z(c+√−1d) is a lattice
in C and φ(a +
√−1b) and φ(c + √−1d) are conjugate to elements of SL(4,Z) where
we regard SL(2,C) ⊂ SL(4,R) (see [12]). Hence we have a lattice Γ = (Z(a+√−1b) +
Z(c+
√−1d)) ⋉φ Γ′′ such that Γ′′ is a lattice of C2.
We take C = C. For a coordinate (z1, z2, z3) ∈ C⋉φC2, we have the basis ∂∂z1 , ez1 ∂∂z2 , e−z1 ∂∂z3
of g1,0 such that (Ad(z1,)s = diag(1, e
z1 , e−z1).
If b 6∈ πZ or c 6∈ πZ, then the condition (E2) holds and we have
B1Γ = 〈dz¯1〉,
B2Γ = 〈dz¯2 ∧ dz¯3〉,
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B3Γ = 〈dz¯1 ∧ dz¯2 ∧ dz¯3〉.
For the Hermitian metric g = dz1dz¯1+e
−z1−z¯1dz2dz¯2+ez1+z¯1dz31dz¯3, we haveH∗g(G/Γ, J) =
C∗Γ and the space H∗g(G/Γ, J) is closed under the Schouten bracket (see the proof of
Corollary 8.2). Hence by Proposition 4.5, for parameters
t = (t12, t13, t23, t
1¯
1, t
1¯
2, t
1¯
3, t
2¯3¯),
considering
φ(t) = t12e
z1
∂
∂z1
∧ ∂
∂z2
+ t13e
−z1 ∂
∂z1
∧ ∂
∂z3
+ t23
∂
∂z1
∧ ∂
∂z3
+ t1¯1
∂
∂z1
∧ dz¯1 + t1¯2ez1
∂
∂z2
∧ dz¯1 + t1¯3e−z1
∂
∂z3
∧ dz¯1
+ t2¯3¯dz¯2 ∧ dz¯3,
we have
Kurgen(G/Γ, J) = {t = (t12, t13, t23, t1¯1, t1¯2, t1¯3, t2¯3¯)|[φ(t) • φ(t)] = 0}.
Thus Kurgen(G/Γ, J) is defined by the following quadratic polynomial equations
t12t13 = 0, t12t
1¯
1 = 0, t12t
1¯
3 + t13t
1¯
2 = 0, t13t
1¯
1 = 0.
Remark 6. In this case, the ordinary Kuranishi space Kur(G/Γ, J) is given by
Kur(G/Γ, J) = {t = (0, 0, 0, t1¯1 , t1¯2, t1¯3, 0)|[φ(t) • φ(t)] = 0}
and hence Kur(G/Γ, J) is unobstructed. But Kurgen(G/Γ, J) is obstructed.
If b ∈ πZ and c ∈ πZ, then (E2) does not hold. In this case we have B∗Γ =∧〈dz¯1, e−z1dz¯2, ez1dz¯3〉. Hence we have
Cp,qΓ =
∧p
g1,0 ⊗
∧q〈dz¯1, e−z1dz¯2, ez1dz¯3〉.
For the Hermitian metric g = dz1dz¯1+e
−z1−z¯1dz2dz¯2+ez1+z¯1dz31dz¯3, we haveH∗g(G/Γ, J) =
C∗Γ and the space H∗g(G/Γ, J) is closed under the Schouten bracket (see the proof of
Corollary 8.2). Hence by Proposition 4.5, for parameters
t = (t12, t13, t23, t
1¯
1, t
2¯
1, t
3¯
1, t
1¯
2, t
2¯
2, t
3¯
2, t
1¯
3, t
2¯
3, t
3¯
3, t
1¯2¯, t1¯3¯, t2¯3¯),
considering
φ(t) = t12e
z1
∂
∂z1
∧ ∂
∂z2
+ t13e
−z1 ∂
∂z1
∧ ∂
∂z3
+ t23
∂
∂z1
∧ ∂
∂z3
+ t1¯1
∂
∂z1
∧ dz¯1 + t2¯1e−z1
∂
∂z1
∧ dz¯2 + t3¯1ez1
∂
∂z1
∧ dz¯3
+ t1¯2e
z1
∂
∂z2
∧ dz¯1 + t2¯2
∂
∂z2
∧ dz¯2 + t3¯2e2z1
∂
∂z2
∧ dz¯3
+ t1¯3e
−z1 ∂
∂z3
∧ dz¯1 + t2¯3e−2z1
∂
∂z3
∧ dz¯2 + t3¯3
∂
∂z3
∧ dz¯3
+ t1¯2¯e−z1dz¯1 ∧ dz¯2 + t1¯3¯ez1dz¯1 ∧ dz¯3 + t2¯3¯dz¯2 ∧ dz¯3,
we have
Kurgen(G/Γ, J)
= {t = (t12, t13, t23, t1¯1, t2¯1, t3¯1, t1¯2, t2¯2, t3¯2, t1¯3, t2¯3, t3¯3, t1¯2¯, t1¯3¯, t2¯3¯)|[φ(t) • φ(t)] = 0}.
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Thus Kurgen(G/Γ, J) is defined by the following quadratic polynomial equations (com-
pare with [20, (3.3)]):
t12t13 = 0, t12t
1¯
1 = 0, t12t
2¯
1 = 0, t12t
1¯
3 + t13t
1¯
2 = 0,
t12t
2¯
3 = 0, t12t
1¯2¯ − t2¯1t1¯2 = 0, −t12t1¯3¯ + 2t1¯1t3¯2 − t3¯1t1¯2 = 0,
t13t
1¯
1 = 0, t13t
3¯
1 = 0, t13t
3¯
2 = 0,
t13t
1¯2¯ − 2t1¯1t2¯3 + t2¯1t1¯3 = 0, t3¯1t1¯3 = 0, t1¯1t2¯1 = 0, t1¯1t3¯1 = 0,
t2¯1t
3¯
1 = 0, t
2¯
1t
3¯
2 = 0, t
3¯
1t
2¯
3 = 0, t
2¯
1t
1¯3¯ + t3¯1t
1¯2¯ = 0.
In this case, the condition (E2) does not hold. It is known that there exists a small
deformation of J which can not be induced by a G-left-invariant complex structure on
G (see [20], [12]).
We consider the holomorphic Poisson bi-vector field
µ = ez1
∂
∂z1
∧ ∂
∂z2
.
Then by Theorem 7.3, the cohomology H∗(G/Γ, µ) is isomorphic to the cohomology of
the cochain complex (C∗Γ, [µ•]). We compute:
H1(G/Γ, µ) =
〈[
ez1
∂
∂z2
]
, [dz¯1]
〉
,
H2(G/Γ, µ) =
〈[
ez1
∂
∂z1
∧ dz¯3
]
,
[
ez1
∂
∂z2
∧ dz¯1
]
,
[
∂
∂z3
∧ dz¯3
]
, [dz¯2 ∧ dz¯3]
〉
,
H3(G/Γ, µ) =
〈[
e2z1
∂
∂z1
∧ ∂
∂z2
∧ dz¯3
]
,
[
ez1
∂
∂z2
∧ ∂
∂z3
∧ dz¯3
]
,[
ez1
∂
∂z1
∧ dz¯1 ∧ dz¯3
]
,
[
ez1
∂
∂z2
∧ dz¯2 ∧ dz¯3
]
, [dz¯1 ∧ dz¯2 ∧ dz¯3]
〉
,
H4(G/Γ, µ) =
〈[
e2z1
∂
∂z1
∧ ∂
∂z2
∧ dz¯1 ∧ dz¯3
]
,
[
ez1
∂
∂z2
∧ dz¯1 ∧ dz¯2 ∧ dz¯3
]
,
〉
,
H5(G/Γ, µ) = 0,
H6(G/Γ, µ) = 0.
Obviously the cohomology H∗(G/Γ, µ) is different from both the de Rham cohomology
and the Dolbeault cohomology.
Remark 7. It is shown that the holomorphic Poisson cohomology of a complex paral-
lelizable nilmanifold G/Γ with a holomorphic Poisson structure µ is decomposed as
Hr(G/Γ, µ) ∼=
⊕
p+q=r
Hp[µ•](g1,0)⊗Hq∂¯(g∗0,1)
(see [7]). On the above computations, it is difficult to find such decomposability. By our
example, we can say that the holomorphic Poisson cohomology of a complex parallelizable
solvmanifold is more complicated than the holomorphic Poisson cohomology of a complex
parallelizable nilmanifold.
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8. Metabelian case
We consider the following assumption.
Assumption 8.1. • G = Cn ⋉φ Cm with a semi-simple action φ : Cn → GLm(C) (not
necessarily holomorphic). Then we have a coordinate z1, . . . , zn, w1, . . . , wm of C
n⋉φC
m
such that
φ(z1, . . . , zn)(w1, . . . , wm) = (α1w1, . . . , αmwm)
where αi are C
∞-characters of Cn.
• G has a lattice Γ and a lattice Γ of G = Cn ⋉φ Cm is the form Γ′ ⋉φ Γ′′ such that Γ′
and Γ′′ are lattices of Cn and Cm respectively and the action φ of Γ′ preserves Γ′′.
• α[m] = 1.
Then this assumption is a special case of Assumption 6.1 such that (N,J) is a complex
Abelian Lie group with Assumption 6.4.
We take unitary characters βi and γi such that αiβ
−1
i and α¯γ
−1
i are holomorphic. In
this case, Cp,qΓ as in Theorem 6.5 is given by
Cp,qΓ =
〈
∂
∂zI
∧ αJβ−1J
∂
∂wJ
⊗ dz¯K ∧ α¯−1L γLdw¯L
∣∣∣ |I|+ |K| = p, |J |+ |L| = q
(βJγL)|Γ = 1
〉
.
By Theorem 6.5, we prove the following corollary.
Corollary 8.2. Let (G,Γ) be as in Assumption 8.1. Consider the Hermitian metric g =∑
dzidz¯i +
∑
α−1i α¯
−1
i dwidw¯i. Then we have H∗g(G/Γ, J) = C∗Γ and hence H∗g(G/Γ, J)
is a sub-DGA of dG∗(G/Γ, J). In particular, by Proposition 4.5, Kurgen(G/Γ, J) is cut
out by polynomial equations of degree at most 2.
Proof. Since for each mult-indices I, J , K and L the characters αJβ
−1
J and α¯
−1
L γL are
holomorphic, the operator ∂¯ on C∗Γ is 0.
For the C-anti-linear Hodge star operator
∗¯g : A0,q(G/Γ,
∧p T 1,0G/Γ)→ A0,n+m−q(G/Γ,∧n+m−p T 1,0G/Γ),
we have ∗¯g(C∗Γ) ⊂ C∗Γ as Section 6.3. Hence we have ∗¯g∂¯∗¯g(C∗Γ) = 0. Hence we have
C∗Γ ⊂ H∗g(G/Γ, J). By Theorem 6.5, we have H∗g(G/Γ, J) = C∗Γ. Hence the corollary
follows 
We have:
Theorem 8.3. Let (G,Γ) be as in Assumption 8.1. We assume that for any J,L ⊂ [m],
(β−1J γL)|Γ = 1 if and only if (αJ α¯
−1
L )|Γ = 1. Then we have
• H∗g(G/Γ, J) is a sub-DGA of dG∗(G/Γ, J) with trivial brackets. In particular, by
Proposition 4.5, Kurgen(G/Γ, J) is smooth.
• Let µ ∈ C2,0Γ be a holomorphic Poisson bi-vector field. Then the holomorphic Poisson
cohomology H∗(G/Γ, µ) is isomorphic to the cohomology H∗(dG∗(G/Γ, J)).
Proof. We have
Cp,qΓ =
〈
∂
∂zI
∧ ∂
∂wJ
∧ dz¯K ∧ dw¯L
∣∣∣ |I|+ |K| = p, |J |+ |L| = q
(αJ α¯
−1
L )|Γ = 1
〉
.
Hence the first assertion follows.
For a holomorphic Poisson bi-vector field µ ∈ C2,0Γ , since Cp,q is written as above, we
can write
µ =
∑
|I|+|J |=2
aIJ
∂
∂zI
∧ ∂
∂wJ
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for aIJ ∈ C. Then the operator [µ•] : C∗,∗Γ → C∗+1,∗Γ is trivial. Hence the second assertion
follows.

Example 4. Let H = Rn ⋉ψ R
n+1 such that
ψ(s1, . . . , sn)(t1, . . . , tn, tn+1) = (e
s1t1, . . . e
sntn, e
−s1−···−sntn+1).
For a totally real algebraic number field K with degree n+1, we can construct a lattice
∆ in H by the following way. Let OK be the subring of all algebraic integers in K and
O∗K the unit group of OK . Then it is known that OK can be regarded as a lattice in
Rn+1. By Dirichlet’s unit theorem, we have a subgroup Γ′1 ⊂ O∗K such that Γ′1 can be
regarded as a lattice in Rn and the semi-direct product Γ′1 ⋉ OK can be regarded as a
lattice in H = Rn ⋉ψ R
n+1 (see [29, Section 3] for the detail).
Consider G = Cn ⋉φ C
2n+2 such that
φ(z1, . . . , zn)(w1,1, . . . , w1,n, w1,n+1, w2,1, . . . , w2,n, w2,n+1)
= (ex1w1,1, . . . , e
xnw1,n, e
−x1−···−xnw1,n+1,
e−x1w2,1, . . . , e−xnw2,n, ex1+···+xnw2,n+1)
for complex coordinate
(z1 = x1 +
√−1y1, . . . , zn = xn +
√−1yn, w1, . . . , wn+1, wn+2, . . . , w2n+2).
By the above argument, we obtain a lattice Γ = (Γ′1 + Γ
′
2) ⋉ Γ
′′ by using a totally real
algebraic number field K with degree n+ 1. We have
(β1, . . . , βn, βn+1, β
−1
1 , . . . , β
−1
n , β
−1
n+1)
= (e−
√−1y1 , . . . , e−
√−1yn , e
√−1y1+···+
√−1yn ,
e
√−1y1 , . . . , e
√−1yn , e−
√−1y1−···−
√−1yn).
By this we can take Γ′2 such that the assumptions of Theorem 8.3 hold. For example,
take Γ′2 =
√−1Zn. Hence for such Γ, Kurgen(G/Γ, J) is smooth.
Remark 8. In [11], Hasegawa showed that a simply connected solvable Lie group G with
a lattice Γ such that G/Γ admits a Ka¨hler structure can be written as G = R2k ⋉φ C
l
such that
φ(tj)((z1, . . . , zl)) = (e
√−1θj
1
tjz1, . . . , e
√−1θj
l
tjzl),
where each e
√−1θji is a root of unity. In particular if G is completely solvable and a
solvmanifold G/Γ admits a Ka¨hler structure, then G is abelian. Hence Example 4 does
not admit a Ka¨hler structure. We notice that Example 4 satisfies the Hodge symmetry
and decomposition (see [14]).
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